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THE OSCILLATING W I W G  WITH AERODYNAMICALLY BALANCED ELEVATOR* 
By H. G .  Kassne r  a n d  I .  Schwarz 
The two-dimensional  p rob lem of t h e  o s c i l l a t i n g  wing 
w i t h  a e r o d y n a m i c a l l y  b a l a n c e d  e l e v a t o r  i s  t r e a t e d  i n  t h e  
manner t h a t  t h e  wing i s  r e p l a c e d  by  a p l a t e  w i t h  bends  a n d  
s t a g e s  a n d  t h e  a i r f o i l  s e c t i o n  by a mean l i n e  c o n s i s t i n g  
of one o r  more s t r a i g h t s .  The computed f o r m u l a s  a n d  
t a t l e s  p e r m i t ,  on t h e s e  p r e m i s e s ,  t h e  p r e d i c t i o n  of t h e  
p r e s s u r e  d i s t r i b u t i o n  a n d  of t h e  aerodynamic  r e a c t i o n s  o f  
o s c i l l a t i n g  e l e v a t o r s  a n d  t a b s  w i t h  a n y  p o s i t i o n  of e l e -  
v a t o r  h i n g e  i n  r e s p e c t  t o  e l e v a t o r  l e a d i n g  edge .  
INTRODUCTION 
The b a s i s  of t h e  p r e s e n t  r e p o r t  i s  K a s s n e r ' s  a r t i c l e  
of t h e  n o n s t a t i o n a r y  l i f t  of a i r f o i l s  ( r e f e r e n c e  l ) ,  
which g i v e s  - f o r  t h e  l i n e a r i z e d  two-dimensional  p roblem 
of t h e  o s c i l l a t i n g  wing - g e n e r a l  f o r m u l a s  f o r  t h e  c a l c u -  
l a t i o n  of t h e  p r e s s u r e  d i s t r i b u t i o n  which a r e  a p p l i c a b l e  
t o  a n y  p e r i o d i c  fo rm changes  of t h e  p r o f i l e  mean l i n e .  
The example ,  g i v e n  i n  t h a t  a r t i c l e  ( r e f e r e n c e  l ) ,  d e a l t  
w i t h  t h e  p l a t e  w i t h  a s i n g l e  b e n d ,  which c o r r e s p o n d s  t o  
a  wing w i t h  e l e v a t o r  p i v o t e d  i n  t h e  e l e v a t o r  l e a d i n g  edge .  
I n  o r d e r  t o  keep  t h e  c o n t r o l  f o r c e s  a t  a minimum, t h e  
e l e v a t o r  h i n g e , i s ,  however ,  u s u a l l y  s h i f t e d  back  or  t h e  
e l e v a t o r  t r a i l i n g  edge i s  f i t t e d  w i t h  a  t a b .  S i n c e  t h e  
knowledge of t h e  ae rodynamic  r e a c t i o n s  of o s c i l l a t i n g  
wings w i t h  s u c h  s o - c a l l e d  a e r o d y n a m i c a l l y  b a l a n c e d  e l e -  
v a t o r s  i s  i m p o r t a n t  f o r  t h e  p r e d i c t i o n  of t h e  c r i t i c a l  
s p e e d  of wing f l u t t e r ,  t h e  d e r i v a t i o n  of p r a c t i c a l  formu- 
l a s  f o r  t h i s  c a s e  a l s o  seemed d e s i r a b l e .  
E x t e n s i o n  of t h e  t h e o r y  t o  i n c l u d e  a  wing  w i t h  e l e -  
v a t o r  a n d  t a b  i s  c o m p a r a t i v e l y  s i m p l e .  I t  i n v o l v e s  mere ly  
t h e  c a l c u l a t i o n  of a  p l a t e  w i t h  two bends  i n s t e a d  of one.  
T h i s  problem h a s ,  meanwhi le ,  been  a t t a c k e d  by F .  D i e t z e  
................................................. 
*"Der schwingende F l U g e l  m i t  a e rodynamisch  a u s g e g l i c h e n e m  
R u d e r , "  L u f t f a h r t f  o r s c h u n g ,  v o l ,  1 7 ,  no, 1 1 / 1 2 ,  Dec, 1 0 ,  
1 9 4 0 8  337-54, 
2 NACA Techn ica l  Memorandum No .  991 
( r e f e r e n c e  2 ) .  Treatment of t h e  e l e v a t o r  w i t h  set-back 
h i n g e ,  t h a t  i s ,  w i t h  so -ca l l ed  aerodynamic i n t e r n a l  ba l -  
a n c e ,  i s  more d i f f i c u l t .  I t  i n v o l v e s  t h e  problem of two 
i n d e p e n d e n t l y  o s c i l l a t i n g  p l a t e s ,  which has never  been 
r i g o r o u s l y  exp lo red .  However, i f  t h e  gap between . b o t h  
p l a t e s  i s  s m a l l  and  t h e  o s c i l l a t i o n  a m p l i t u d e s  low, a  
f i r s t  approx imat ion  nay be c a r r i e d  out w i t h  t h e  fo rmulas  
developed f o r  one p l a t e  wi thou t  hav ing  t o  s a t i s f y  a  sec-  
ond flow-off c o n d i t i o n .  Such a c a s e  a r i s e s  on t h e  double  
wing, On t h e  more f r e q u e n t l y  employed types  of e l e v a t o r  
i n s t a l l a t  ions  w i t h  b l u n t  s t - a b i l i z e r  end, no a i r  f l o w s  
th rough  t h e  gap a t  s m a l l  e l e v a t o r  a n g l e .  Th i s  a r range-  
ment i s  t h e r e f o r e  b e t t e r  r e p l a c e d  5y a  p r o f i l e  mean l i n e  
p a s s i n g  through between s t a b i l i z e r  t r a i l i n g  e&ge a n d  e l e -  
v a t o r  l e a d i n g  edge. 
I f  t h e  v e r t i c a l  t r a u s l a t o r y  motion of t h e  e l e v a t o r  
i s  looked upDn as a new d e g r e e  of freedom " s t a g e  o s c i l -  
l a t i o n , "  i t  i s  p o s s i b l e ,  i n  combinat idn  w i t h  t h e  degrees  
of freedom of t h e  s imple  and doubly ben t  p l a t e ,  t o  compute 
e l e v a t o r  sys tems w i t h  any p o s i t i o n  of e l e v a t o r  or t a b  
a x i s .  The n e c e s s a r y  fo rmulas  a r e  evolved i n  t h e  fo l low-  
i n g , w h i l e  a new i n t e g r a l  r e p r e s e n t a t i o n  i s  employed f o r  
computing t h e  p r e s s u r e  d i s t r i b u t i o n .  
11. PRESSUBE DISTRIBUTIOIT OF THE OSCILLATING W I N G  
The motion of t h e  wing i s  a n a l y z e 4  f i r s t .  A uniform 
r e c t i l i n e a r  motron of t h e  wing a s  a whole w i t h  f l y i n g  
speed  v  i s  superimposed by a harmonic o s c i l l a t i n g  motion 
z ( t )  w i t h  s m a l l  a m p l i t u d e  a t  r i g h t  a n g l e s  t o  t h e  d i r e c t i o n  
of f l i g h t .  To make t h e  problem amenable t o  mathemat ica l  
t r e a t m e n t ,  a l i n e a r i z a t i o n  of t h e  formulas  i s  f i r s t  neces- 
s a r y .  The a i r f o i l  s e c t i o n  must be  r e p l a c e d  by a n  aerody- 
n a m i c a l l y  e q u i v a l e n t  mean l i n e ,  I n  t h e  r e s t  g o s i t i o n  t h e  
mean l i n e  i s  t o  form a s t r a i g h t  l i n e  c o i n c i d e n t  w i t h  t h e  
h o r i z o n t a l  x  a x i s ,  ' e x t e n d i n g  f rom x = -1 t o  x = +1,  
The harmonic o s c i l l a t i o n  motion of any p o i n t  of t h e  mean 
l i n e  i s  t h e n  g i v e n  i n  complex form by 
i ' v  t 
z  = f ( x )  e  ( 1  ) 
w i t h  v = n a t u r a l  f r e q u e n c y ,  t = t ime.  O r d i n a r i l y  f ( x )  
i s  a  complex f u n c t i o n ,  P h y s i c a l  s i g n i f i c a n c e  i s  t o  a t -  
t a c h  t o  t h e  p u r e , i m a g i n a r y  t e r n  of t h e  e q u a t i o n s ;  hence 
t h e  mean l i n e  i s  not  on ly  s u b j e c t  t o  t r a n s l a t i o n - a n d  r o t a -  
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h i o n  b u t  a l s o  t o  a n y  d e f o r m a t i o n s  d u r i n g  t h e  o s c i l l a t i o n ,  
p r o v i d e d ,  howsver , t h a t  t h e  o s c i l l a t i o n  motion i s  a t  
r i g h t  a n g l e s  t o  t h e  x ax i s  and  t h a t  t h e  a m p l i t u d e s  a r e  
s n a l l .  
The te rm "downwash" d e n o t e s  t h e  v e r t i c a l  v e l o c i t y  of 
a f l u i d  p a r t i c l e  i n  a c o o r d i n a t e  sys t em i n  which t h e  f l u i d  
- r - e s t s  a t  i n f i n i t y .  The downwash on t h e  mean l i n e  i s  
r e a d i l y  g iven .  I t  c o n s i s t s  of a s t a t i o n a r y  p o r t i o n  due 
- t o  g l i d i n g  of t h e  f l u i d  p a r t i c l e  p a s t  t h e  mean l i n e  
s l o p e d  confommably t o  hz /bx .  a t  v e l o c i t y  v and  of a 
- n o n s t a t i o n a r y  p o r t i o n  due t o  t h e  t r a n s p o r t  of t h e  f l u i d  
p a r t i c l e  w i t h  t h e  o s c i l l a t i n g  mean l i n e  conformably  t o  
i t s  v e r t i c a l  v e l o c i t y  b e / a t .  The a s sumpt ion  t h a t  t h e  
f l u i d  p a r t i c l e  g l i d e s  a t  e v e r y  p o i n t  a l o n g  t h e  mean l i n e  
w i t h  c o n s t a n t  v i s ,  of c o u r s e ,  s imply  a n  approx ima te  
-aseumpt ion  p e r m i s s i b l e  w i t h i n  t h e  f rame of l i n e a r i z a t i o n .  
S m a l l  i n t e r f e r e n c e  v e l o c i t i e s  Av r e l a t i v e  t o  f l y i n g  
, , s p e e d  v a r e  ignored .  With t h e  r educed  f r e q u e n c y  
j - = . i vE where Z = h a l f  t h e  wing c h o r d ,  e q u a t i o n  ( 1 )  
V 
- - g i v e s  t h e  downwash on t h e  mean l i n e  a t  
It i s  now a d v i s a b l e  t o  i n t r o d u c e  a  new v a r i a b l e  x  = 
.,-. 
. , , l ;aos  8 and  t o  c o n s i d e r  w a s  a f u n c t i o n  of 8 and  t ,  
a ' *-Then t h e  F o u r i e r  expans ion  
i s  o b t a i n e d .  
With t h e  downwash g i v e n  i n  t h i s  f o r m ,  t h e  two- 
d i m e n s i o n a l  a i r f o i l  t h e o r y  y i e l d s  a  d e f i n i t e  r e l a t i o n  
between downwash and p r e s s u r e  d i s t r i b u t i o n  on t h e  mean 
l i n e ,  whereby I J re s su re  means t h e  p r e s s u r e  d i f f e r e n c e  be- 
, . , t w e e n  t h e  upper  and  t h e  lower s i d e s  of t h e  mean l i n e  a t  
' 1  
a  c e r t a i n  p o i n t  x. Next ,  i t  i s  c l e a r  t h a t  t h e  p r e s s u r e  
:: & u s t  a l s o  be a harmonio t i m e  f u n c t i o n  i f  t h e  downwash i s .  
-Ln a d d i t i o n ,  t h e  p r e s s u r e  must be p r ~ p o r t i o n a l ~ t o  t h e  
tiynamic p r e s s u r e ,  t h a t  i s ,  p r o p o r t i o n a l  t o  pV , Accord- 
- ' i n g l y ,  
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which insures the smooth flow-off at the wing trailing 
edge. The pressure is tied in with the distribution of 
bound vortices Y employed in the report (reference 1) 
through the relation I'I = pvY, Then the use of the 
vortex concept or else PrandClls acceleration potential 
affords the general relation between coefficients an 
and PnP: 
Evaluation of this general result in special cases 
requires 
1. Determinatian of P, from the plate motion ac- 
cording to equations (2) and (3); 
2. Calculation of an from equation (5); 
3. Calculation of the pressure distribution equation 
(4) by summation of the series appearing there- 
in. 
Ta establish relationship between w and n[, the 
circuitous method of Fourier expansions (3) and (4) is not 
necessary in the face of the integral relation evolved 
hereinafter between IT and w. The method used here 
agrees kith the ltne of reasoning for Poissonts integral. 
To this end there is put 
Q, 
w (0) = P, + 2 Pn cos n G 
' "  
and this function is analyzed for 0 2 1 2v rather than 
for 0 = 9 = I T  only,as heretofore. 
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S F )  Let  W ( 8 )  b e  p a r t l y  c o n t i n u o u s ,  -The F o u r i e r  coef -  
f i c i e n t s  Pn a r e  
Then 
a n a l y t i c a l l y  f o r  l z l  < 1 and  i s  r e p r e s e n t e d  by t h e  
power e x p a n s i o n  ( r e f e r e n c e  4 )  
M u l t i p l i c a t i o n  of a n ( n  2 1 )  a c c o r d i n g  t o  (5)  b y  
2zn-I a n d  summation of n = . 3 .  t o  a f f o r d s  
.- 
00 w 1  
2 ? a n z  2  
a n d  i n t e g r a t i o n  f rom 0 t o  z g i v e s  
z  
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I n s e r t i o n  of t h e  f o r e g o i n g  f a t e g r a l  representations f o p  
f (z), Po, PI, f o l l o w e d  by exchange of t h e  i n t e g r a t i o n s ,  
y i e l d s  
277 
With z + e  ie , i t  a f f o r d s ,  if t h e  l e f t  s i d e  converges .  
The i n t e g r a l  on t h e  r i g h t  s i d e ,  a t  l e a s t  t h e  i n t e g r a l  
if3 
over  t h e  p o r t i o n  w i t h  --------. i d  lf3 , i s  t o  be t aken  as 
e  e  
Cauchyls  p r i n c i p a l  v a l u e ,  a t  which t h e  c r i t i c a l  p o i n t  of 
t h e  i n t e g r a n d ,  B = 8, i s  approached s y m m e t r i c a l l y  from 
b o t h  s i d e s ,  The a d d i t i v e  te rm -W(6) f o l l o w s  t h e  e x a c t  
e x e c u t i o n  ~f t h e  l i m i t  t r a n s i t i o n  ( r e f e r e n c e  4 ) .  
For a b b r e v i a t i o n  t h e r e  i s  put 
S i n c e  W(3) i s  p r e c i s e l y  and  p e r i o d i c a l l y  of t h e  p e r i o d  
2n, 
271 T'r 
and c o n s e q u e n t l y  
TI 
Q s i n  n B  
4 i C a n - - - = - -  
1 X l  
f W(4)K,(9,@)d 9  
71 
w i t h  
bTkCA T e c h n i c a l  emorandurn No. 991 
g (3 ,e 1, = K ( S , e )  + K ( - S , ~ )  - ~ ( 8 , 4 )  - K ( - a  c-8.) 
\ 
o r  computed 
2  i s i n 8  
K, (4 ,e) = w i (-2 s i n  9 ~ ( 8  ,'&)) + 
cos  8 - cos 8 
where 
and hence 
CO 
s i n  n e  4 f. a, ------ = - s i n  8 
n  cos  9  - cos 8 
Herewith t h e  summation c i t e d  under 3 i s  c a r r i e d  out once 
f o r  a l l .  Adding t h e  m i s s i n g  terms g i v e s  f o r  t h e  p r e s s u r e  
d i s t r i b u t i o n  
+ p v l w ( B , t )  L ( 8 .  6) s i n 8  - - s i n e  ]dd ( 7 )  
cos  6 - cos  6 
- 
0 
o r ,  a f t e r  e x p r e s s i n g  t h e  F o u r i e r  c o e f f i c i e n t s  Po and  PI 
by i n t e g r a l s ,  
s i n  8 t j ( a , t )  [{kg (l-cosr)+cos 9 h o t a n  $!~JS(B, 4) s i d  cos 4 -cos fj 
I7 i s  h e r e w i t h  g i v e n  by w and, a c c o r d i n g  t o  (2), by z. 
I n  c o n c l u s i o n  i t  i s  p o i n t e d  out  t h a t  a n  independent  de- 
d u c t i o n  of t h e  same r e s u l t  b a s e d  upon t h e  known s o l u t i o n  
of a s imple  i n t e g r a l  e q u a t i o n ,  w i l l  be found i n  Schwarz t s  
r e p o r t  ( r e f e r e n c e  3 ) .  (H, Sllhngen a l s o  r e a c h e d  t h i s  re-  
s u l t  a c c o r d i n g  t o  o r a l  communication. ) 
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IP I ,  PORCES AND MOIsfENTS 
With p r e s s u r e  d i s t r i b u t i o n  IT g i v e n  i n  f u n c t i o n  of 
€3, t h e  f o r c e  e x e r t e d  on a r e g i o n  x i <  x <  1 of t h e  mean 
l i n e  i s  
, = j n  = r n  (Q;t) s i n e  d e  (9) 
x1 x1 
where x l  = -- c o s  x I .  The a r e a  x = 1 a n d  0 = -rr,  re- 
s p e c t i v e l y ,  i n d i c a t e s  t h e  w i n g  . t r a i l i n g  e d g e ,  t h e  end  of 
t h e  mean l i n e ,  The moment a b o u t  t h e  r e f e r e n c e  p o i n t  xa = 
- c o s  X z  i s  d e f i n e d  by 
= / E ( € ~ , ~ ) ( c o s X ~  - C O S ~ )  s i n e  d 8  (18 )  
w i t h  t h e  s emichord  p u t  a t  Z = 1. K 1  and  M 1  a p p l y  
s o l e l y  t o  a p l a t e  s t r i p  o f  w i d t h  1. F o r  t h e  f o r c e  a n d  
t h e  moment of a n y  p l a t e  w i t h  c h o r d  21 a n d  s p a n  b ,  i t  
i s  u s u a l  t o  p u t  
The moment i s  p o s i t i v e  when nose-heavy. 
IV. DIVISION OF WIHG MOTION IN S I X  DEGREES OF FREEDOM 
The l i n e a r i z a t i o n  of t h e  problem i n  q u e s t i o n  makes i t  
p o s s i b x e  t o  s p l i t  c o m p l i c a t e d  mot ions  a n d  f o r m  changes  of 
t h e  wing i n t o  s o - c a l l e d  d e g r e e s  of f reedom f r o m  which t h e  
f i n a l  s o l u t i o n  i s  a f f o r d e d  b y  s u p e r p o s i t i o n ,  
The a n a z y s i s  b a s e s  on a wing w i t h  a a r o d y n a m i c a l l y  
b a l a n c e d  e l e v a t o r  a n d  t a b ,  hav ing  t h e  mean l i n e  shown i n  
f i g u r e  1. The wing a s  a whole i s  f r e e  t o  move, The 
m o v a b i l i t y  of t h e  e l e v a t o r  i s  r e s t r i c e d  t o  t h e  e x t e n t  
' t h a t  one of i t s  p o i n t s ,  t h e  e l e v a t o r  a x i s ,  i s  r i g i d l y  
connec ted  w i t h  t h e  wing,  w h i l e  t h e  tab  a x i s  i t s e l f  i s  
r i g i d l y  j o i n e d  w i t h  the  e l e v a t o r .  A c c o r d i n g l y ,  t h e  s t a t e  
of motion can be superimposed by t b e  f o l l o w i n g  f o u r  por- 
t i o n s  ( f i g ,  2 ) :  
a )  F l a p p i n g  mot i o n s ,  
b )  Wing t o r s i o n  o s c i l l a t i o n s  a b o u t  t h e  fo rward  neu- 
t r a l  p o i n t  x = - 1/2, 
c ) ,  d )  E l e v a t o r  t o r s i o n  6 s c 9 f l a t i o n s  a b o u t  t h e  e l e -  
v a t o r  hinge [ x ,  e -COS x E l e v a t o r  l e a d i n g  R ;  
edge a t  x = --cos 9; wing t r a i l i n g  edge a t  
x = -cos Cy - 8 * ) J ,  
e ) ,  f )  Tab t o r s i o n  o s c i l l a t i o n s  abou t  t h e  t a b  h inge  
[x = -cos x t a b  l e a d i n g  edge a t  x = -cos -Q8'; B ;  
e l e v a t o r  t r a i l i n g  edge a t  x = -cos (\t - tiH)], 
The e l e v a t o r  t o r s i o n a l  o s c i l l a t i o n  i s  d i v i d e d  i n t o  
t w o  p a r t s  and t r e a t e d  s e p a r a t e l y ,  namely, a s  a t o r s i o n a l  
o s c i l l a t i o n  abou t  t h e  e l e v a t o r  l e a d i n g  edge a n d  a t r a n s -  
l a t o r y  o s c i l l a t i o n ,  termed " s t e p  o s c i l l a t i o n "  ( f i g s .  3a 
and  3 b ) ,  The same a p p l i e s  t o  t h e  t a b .  The advantage  
a c c r u i n g  from t h i s  d i v i s i o n  i s  t h a t  b o t h  p o r t i o n s  i n  t h e  
main depend only  upon one g e o m e t r i c a l  pa ramete r  o r  $. 
The a c t u a l  e l e v a t o r  o s c i l l a t i o n  w i t h  any h inge  an& a n y  
a m p l i t u d e s  f o l l o w s  t h e n  a s  a  l i n e a r  form of t h e s e  two 
g o r t f o n s . .  
A c c o r d i n g l y ,  zny wing-elevat or-tab o s c i l l a t i o n  can 
be b u i l t  up f rom t h e  fol , lowing s i x  degrees  of freedom: 
a )  F l a p p i n g  o s c i l l a t i o n  of t h e  whole wing,  pure  
t r a n s l a t  i ~ n  of wing,  
b )  T o r s i o n a l  o s c i l l a t i o n  of wing about t h e  forward 
n e u t r a l  p o i n t ,  
c )  T o r s i o n a l  o s c i l l a t i o n  of e l e v a t o r  abou t  i t s  
l e a d i n g  e d g e ,  
d )  S t e p  o s c i l l a t i o n  of e l e v a t o r ,  e l e v a t o r  t r a n s l a -  
t i o n ,  
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e )  T o r s i o n a l  o s c i l l a t i o n  of t a b  a b o u t  f k s  l e i d i n g  
e d g e ,  
f )  S t e p  o s c i l l a t i o n  of t a b ,  t r a n s l a t i o n  of t a b .  
I t  s h o u l d  be  b o r n e  i n  mind t h a t  e l e v a t o r  and  t a b  a r e  
i n c l u d e d  i n  t h e  wing a n d  t h e  t a b  i n  t h e  e l e v a t o r .  The 
a m p l i t u d e s  of t h e s e  s i x  d e g r e e s  of f reedom a r e  d e n o t e d  
w i t h  A ,  B ,  C ,  D ,  and  2'. A m ~ J i t u d e  D f o l l o w s  f r o m  t h e  
r e q u i r e m e n t  t h a t  t h e  p o i n t  x  = - c o s X B  c o r r e s p o n d i n g  t o  
t h e  e l e v a t o r  a x i s  r ema in  f i x e d  a t  t h e  o s c i l l a t i o n  supe r -  
imposed f rom d e g r e e s  of f r eedom c  a n d  d. Now t h i s  
p o i n t  e x p e r i e n c e s  t h r o u g h  d e g r e e  of f r eedom c  t h e  maxi- 
mum d e f l e c t i o n  c ( c o s  cp - c o s  XR), t h r o u g h  d e g r e e  of 
f r e e d o m  d  t h e  d e f l e c t i o n  D.  If t h e  e l e v a t o r  a x i s  i s  
t o  r ema in  f i x e d ,  i t  must b e :  
C(cos  cp - cos  xR)  + D = 0 (11)  
The c o r r e s p o n d i n g  f o r n t l l a  f o r  t h e  e l e v a t o r  t a b  is :  
E ( c o s  $ - cos  xR) + F = 0 (12 ) 
The v a r i o u s  d e g r e e s  of f r eedom a n d  s u p e r p o s i t i o n s  a r e  
i l l u s t r a t e d  i n  f i g u r e s  2 ,  3a, a n d  3b.  Tor  d  a n d  f 
two d i f f e r e n t  c a s e s  a r e  i n v o l v e d ,  one t h e  'lopen s t a g e , "  
a l l o w i n g  f r e e  f l o w  t h r o u g h  t h e  e l e v a t o r  g a p ,  t h e  ~ t h e r ,  
t h e  l l c l o s e d  s t a g e "  where no f l o w  p a s s e s  t h e  e l e v a t o r  gap. 
The f o r m e r  i s  a p p r o x i m a t e l y  a c h i e v e d  by a d o u b l e  wing  
w i t h  s h a r p  s t a b i l i z e r  t i p  a n d  t h i n  e l e v a t o r  o r  a  l e s s  
v e r t i c a l l y  a r r a n g e d  e l e v a t o r .  The second c a s e  i s  t h a t  
of a r r a n g e m e n t s  w i t h  b l u n t  s t a b i l i z e r  t i p  a n d  t h i c k e r  
e l e v a t o r ,  where t h e  t h i c k n e s s  i t s e l f  p r e v e n t s  any  f l o w  
t h r o u g h  t h e  gap  a t  s m a l l  e l e v a t o r  a n g l e s  a n d  even  a t  
l a r g e r  a n g l e s  t h r o t t l e s  t h e  f  Low c o n s i d e r a b l y  ( f i g s .  3a, 
3 b ) .  The open s t a g e ,  d e n o t e d  by  O ,  c o n s i s t s  of two 
f l a t ,  p a r a l l e l  p l a t e s .  From s t a t i o n a r y  i n v e s t i g a t i o n s  
of b e n t  p l a t e s  w i t h  gap  { r e f e r e n c e s  4 a n d  5 )  i t  i s  known 
t h a t  i n  t h e  ex t r eme  c a s e  of i n f i n i t e l y  small gap  t h e  
p r e s s u r e  d i s t r i b u t i o n  i s  u n a f f e c t e d  b y  a v e r t i c a l  t r a n s -  
l a t i o n  of t h e  e l e v a t o r ,  i f  t h e  t r a n s l a t i o n  i s  s m a l l .  
Compliance w i t h  a s e c o n d  f low-off  c o n d i t i o n  i s  t h e r e f o r e  
u n n e c e s s a r y  i n  t h i s  ex t r eme  c a s e ,  a n d  t h e  p r e s s u r e  d i s -  
t r i b u t i o n  i s  a c h i e v e d  f rom t h e  known s o l u t i o n  of t h e  in -  
t e g r a l  e q u a t i o n  of a  p l a t e  e x t e n d i n g  f rom s t a b i l i z e r  l ead -  
i n g  edge  t o  e l e v a t o r  t r a i l i n g  edge .  I t  i s  assumed t h a t  
t h i s  h o l d s  f o r  n o n s t a t i o n a r y  f l o w  a l s o .  
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The c l o s e d  s t a g e ,  deno ted  by - c o n s i s t s  of two 
f l a t ,  p a r a l l e l  p l a t e s  j o i n e d  by a  s l o p e  w i t h  t h e  p r o j e c -  
t i o n  2 8 ~ ~ ~ .  The mean l i n e  t h e r e f o r e  i s  a n  u n i n t e r r u p t e d  
s t r a i g h t  l i n e .  I t  i s  assumed t h a t  t h e  wid th  28TSR of 
t h e  gap b r i d g e d  by a s t r a i g h t  l i n e  i s  small a n d  t h e  te rms 
a p p r o a c h i n g  z e r o  w i t h  T S ~  a r e  o m i t t e d  i n  t h e  subsequent  
f o r m u l a s .  This  l e a v e s  t h e n  on ly  a l o g a r i t h m i c  term i n  
t h e  e x p r e s s i o n  f o r  t h e  s t a t i o n a r y  e l e v a t o r  f o r c e ,  which 
c o n t a i n s  TSR. By d i s a p p e a r i n g  w i d t h  TSB -14 0 ,  t h a t  i s ,  
on becoming v e r t i c a l ,  t h & s  term o b v i o u s l y  t e n d s  toward 
s i n c e  t h e  l i n e a r i z e d  t h e o r y  h o l d s  on ly  f o r  s m a l l  in- 
c l i n a t i o n  a n g l e s  of t h e  mean l i n e .  This  d i f f i c u l t y  can  
be a v o i d e d  by s e l e c t i n g  e i t h e r  a  f i n i t e  wid th  21TSR or 
p r e s c r i b i n g  a  ' tbreak-off ." Logar i thmic  s  i n g u l a r i t i e s  
f r e q u e n t l y  o c c u r r i n g  i n  t h e  r e s u l t s  of t h e o r e t i c a l  p h y s i c s  
a r e  u s u a l l y  made harmless  by break--off d i r e c t i o n s .  
d The s t a g e  o s c i l l a t i o n  of t h e  t a b  i s  a l s o  d i v i d e d  i n t o  
nopen" and  "c losed . "  
I n  r e s p e c t  t o  t&e s u b s t i t u t i o n  of t h e  wing p r o f i l e  
f o r  a  mean l i n e  c o n s i s t i n g  of one o r  more s t r a i g h t s ,  i t  
may be s t a t e d  i n  g e n e r a l  t h a t  a  makesh i f t  i s  involved.  
If s u f f i c i e n t l y  a c c u r a t e  n o n s t a t i o n a r y  p r e s s u r e  measure- 
ment were a v a i l a b l e ,  a  s u b s t i t u t e  mean l i n e  cou ld  be  com- 
p u t e d  which reproduces  t h e  r e c o r d e d  p r e s s u r e s  w i t h i n  t h e  
frame o f  t h e  l i n e a r i z e d  t h e o r y ,  The mean l i n e  would 
g e n e r a l l y  be curved  and  encumbered w i t h  a l a r g e  nuaber  of 
p a r a m e t e r s  . 
V, FORCES AND MOB4ENTS OF T E E .  DEGREES OF FREEDOM 
K l i f t  o f  t o t a l  wing 
M o  moment of t o t a l  wing abou t  t h e  fo rward  n e u t r a l  
p o i n t  
R l i f t  of e l e v a t o r  
N moment o f  e l e v a t o r  a b o u t  i t s  l e a d i n g  edge 
P l i f t  of e l e v a t o r  t a b  
Q moment of e l eva te r  t a b  abou t  i t s  l e a d i n g  edge 
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These f o r c e s  a n d  moments K ,  . . . Q a r e  composed 
of v a r i o u s  p o r t i o n s  p roduced  by t h e  d e g r e e s  of f r eedom 
a ,  . . . f :  
w h e r e ,  f o r  example ,  Ha d e n o t e s  t h e  p o r t i o n  df t h e  wing  
l i f t  o b t a i n i n g  f r o m  d e g r e e  o f  f r eedom a  w i t h  ampl i -  
t u d e  A .  A c c o r d i n g l y ,  t h e  36 q u a n t i t i e s  
must be  e x p l o r e d .  They become d i m e n s i o n l e s s  a n d  a r e  
f r e e d  of t h e  f a c t o r  eiVt t h r o u g h  
These a r e  t h e  f i n a l  f o r m u l a s ,  which r e d u c e  t h e  f o r c e s  
a n d  moments t o  t h e  d i m e n s i o n l e s s  f o r c e s  a n d  moments of 
t h e  s e p a r a t e  d e g r e e s  of f r eedom:  
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The summation must be  ex tended  over a l l  t h e  o c c u r r i n g  
d e g r e e s  of f reedom g ,  G d e n o t e s  t h e  a m p l i t u d e  of de- 
g r e e  of f reedom g ,  The e l e v a t o r  moment N i s  r e f e r r e d  
t o  t h e  e l e v a t o r  l e a d i n g  e d g e ,  t h e  t a b  moment Q t o  i t s  
l e a d i n g  edge.  The 36 aerodynamic  f a c t o r s  t o  be d e f i n e d ,  
s h o u l d  be a r r a n g e d  a s  shown i n  f i g u r e  4. Th i s  compr ises  
9 f i e l d s  of f o u r  f a c t o r s  e a c h ,  a r r a n g e d  i n  3 rows a n d  3 
columns ,  r e s p e c t i v e l y .  The r e l a t i o n s h i p  of w i s  n o t  
marked. The f a c t o r s  i n  t h e  f i e l d s  of t h e  second  r o w  qnd 
second  column depend on c p ,  t h o s e  i n  t h e  t h i r d  row a n d  
t h i r d  column on \I, ( f i g .  5 ) .  
Hence 
1, 4 f a c t o r s  are independen t  of and  $ 
2 .  12  f a c t o r s  a r e  f u n c t i o n s  of cp 
3. 12  f a c t o r s  a r e  f u n c t i o n s  of + 
4. 2  4 f a c t o r s  a r e  f u n c t i o n s  of cp and  $ 
VI, PRESSURX DISTRIBUTION AND AERODYNAMIC COEFFICIENTS 
OF THE DEGREXS 33' FREEDOK 
a )  F l a p p i n g  O s c i l l a t i o n  
The p l a t e  o s c i l l a t e s  h a r m o n i c a l l y  by s h i f t i n g  p a r a l l e l  
a t  r i g h t  a n g l e .  t o  t h e  d i r e c t i o n  of f l o w :  
Then 
w a = v w A e  i v t  
t h e  F o u r i e r  c o e f f i c i e n t s  of wa a r e  
Po = w A ,  Pn = 0 f o r  n  > 0  
whence t h e  a n ' s  f o l l o w  a t  
- 1 + T  w 
a. - --- w A ,  a1  = - A ,  an = 0  f o r  n > l  2  2 
Then : 
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PI,  = 11, (A; 8 , t )  - izb= D b ( B ;  Q,  t)  = 
= p v ~ e i " ' ~ [ { ( l + w )  ( l + T ) - w  
= pvaeivt < ( ~ + T ) w c o ~ w  f+ + ( 4 w + w e ) s i n ~ - w 2 s i n ~ c o s e  I . . . . (15) 
Integration gives the  force and mo- 
ment coefficients a t  + 2 O' s i n  4 (15 1 
kb = ( l + w ) ( l + T ) + w + - - m 2  2  1 
3 
ma= w+-we 
Integration of t h i s  pressure dis- 8 UJ= 
t r i b ~ t i o n  according t o  equations ( 9 )  n r b ( y ) = ( l + T ) ( l + w ) P i S 1 f  W @ 3 2 f  T@' 
1 1 1  and (10) affords the  following forces nnb (.) = + (1 +w) (1 + T )  @.++w@.+-~~@, 
4  and moments and t h e i r  dimensionless ( I )  = rb 
@ fin'tion ("'0 5). Since quan- if t o  small 0s- 
t i t y  kp does not appear i n  TI, a s  
efBUtf om, %r we f Pl affords parmeter ,  t he  integpals for  pa, g, for  O S O ( g ,  differ from those for  rar na i n  the  {O C e i v t .  (COs O-cos + 11 for e cn. $ subst i tuted f o r  a. 
(18) 
ma = w2 2 
n r o ( v ) = ( l +  T ) w @ 3 1 + ~ 2 @ 3  
1  1  
nn , (a )  = 2 w @ , ( 1 + T ) + ; Z w 2 @ ~  
Pa (11 = ra (Y )  
, - 
b)  Torsional Oscillation 
coef f  i c i en t s  , respectively 2 (Ih (Y)  = nb ( I )  I 
k, = @ ( I +  T ) + w 2  I e )  Torsional Oscillatfon of Elevator 
Consfder We plate  with a singbe 
. . (16) bendp the bgne portion executing hare 
mod@ torsional  orref llatism about 
the break, In this instance the 
For Lhe calculation of IPc %he fn- 
bgrerl repreaentatibon of sect ion I1 
qa ( I )  = n, (Y )  state of motion is  expressed by 
Quanti t ies  Qn= Qn(q) a re  functions for 0 1 ~ 1 ~  
o f  tp and a re  found in the l i s t  of the 5 = { O C e i v t ( c o s y - o o s ~ )  tor p ~ ~ l n  
Restrioted t o  small tors ional  angles,is resorb& Fo-er -wsis 
t h e  plate  motion i s  represented by gives the f i r s t  two Fourier coeffi- 
efenta of the c% sh at  
z, = B  - - cos Q)  ei" t. i: C  P, = - [ n - ~ + ~ - { ~ n - m ~ c o ~ ~ + a i n y j  I , 
which affords P,=- I 1 - ~ n p i + ~ f - n + v - s i n . p c o s s ) ] .  2 
w b = u ~ e i v t .  [w (& -SO)+ 11, 8 
whence the  factor of eo- 2 a% 
whence the  Fourier coeff icients  ( P o - P l ) ( l - t T ) + 2 P l  
C  1 
= - [ ( i + ~ ) ~ , + ( i + ~ ) w ~ m ~ - 2 s i n v - w ~ ~  ( ; i  P , = B  1+-; P , = - W B ;  P , = O f o p  * > 1 2 CBa separation. aeeoxxiing Plo the 5 I 
The % coefficients follow a t  f ~ e t i o m  of rad p namely, 
0 
(1 + T ) ,  (1 + T i  w, 1, w, w2 
a, = - ( 1 + w ) B - - B  2 the $ntegraX repres%n.eeition c 
a , = w ~ + * ~  4 b 
w2 
a,=--B, a , = O f o ~ "  n > 2 n C = a ( c , p ;  O, t ) = e v * e i t . ' . C  4 X [ ( I +  T)1T,,+ ( l + T ) w & z f  IT,a+wflc1+w~17,~.1 
Then %he pressure dis t r ibut ion is2 . . . . . (10) 
d l  S%t&?e Osc i lb t ion  sf Elevator 
vi%-bh 
0 i, om sbge, lTC1 = 0, cotg - 2 
1 0 
In degree 04 fmedom d two cases 
ITcz = H @ 2 ~ ~ t g -  2 are %nvolvedo the open stage srrjl the 
Q f s in@ .dt9 @1088d 8bgea !h% f i r s t  (fBf~Ilt3~ %h% 17c,=--2sinp.cotg--2 2 cost9 - cos 0 deformtion 
Y 
0 zd = ( D ,  p, Q )  = 0 for  0 Q < p 
I&,=--rP,cotgT+ - D ei v f for p < Q l n .  
M~ich aflordia 
+ 2 j [  cos8 -cosp  . s lnQ+L(@,t9)  s in t9dd 1 w; =O for 0 s Q  < p  cos8-cos 0 
c = u ~ e " " o  for p < Q s n .  
T For computing the presswe distribution, 
a,= 2 ~ ( c o s ~ - c o s 8 ) ~ ~ ( @ , 8 ) s i n ~ d 9 .  equation (7) is  again resor%ed to, The 
Y first Fourier coefficients of the d m -  
The f$abgra%ions give wash me 
0 U w  D o  I 7 , , = - 2 s i n p . ~ o t g -  + 2 L ( Q , p )  2 Po=,(n-p), P I=- - s inp .  
0 I&, = --@,cotg-+4 ( n - p )  sin Q 2 giving the fac-tor of cotan 4 at 
+ 4 ( c o s p - c o s 0 )  L ( p , Q )  2 
1 7 , , = [ ( n - p ) . 2 ~ 0 s p +  sinqijsinQ D 
- ( n - p ) s i n @ c o s @ + L  (p ,W ( c o s o - c ~ s Q ) ~ .  ( P o - P I )  ( 1 - k  T ) + 2 P l = n . [ - 2 w s i n p + ( 1 + ~ ) o @ l ] .  
The same resu l t  i s  aenieved by a l r e c t  ~h~~ we pressme distsabution is sc- 
summakion of the Fourier se r i e s  by a c0&ing ~ ; o  (7): d i f  fez"@& method (reference I), which, 
hmewr ,  %nvo%vers mch more paper a=n;  ( ~ , p ;  e , t )  =euzeiv ' .< 
work and i s  therefore o n i t b d ,  x [ ( I + T )  n & +  ( I + T )  o 1 7 , 1 ~ + 1 7 ~ ~ + ~ n ~ ~ + w ~ n ; ~ ]  
Integra%isn of the press- di cutri- ~ $ h  . . . . . (22) 
butbaa (19) by equatism (9) and (10) n5 = o  
0 affords the qcmki t iee  Be, %, re, + ni2 = Dl cotg - 2 
at g l7& = 0 
n k C ( d  = sin Q IT& = - 2 sin p cotg -- 2 Scost9-cos  0 d B  I 
1 I InCegration according to qua%ions(g) +T ~ ~ ~ 1 2  
While these qmn~9t5es depend on q~ and (10) y&elde the   coefficient^ kd, 
or&y, the force and moment coaf ficie%l%sm2s S"dj9 nc!5 pi ,  Q s  the l a s t  de- 
of 6 e  elevator tab invo1-k both rp pendent upon both Q, arad \k; it i s  
and $ in pc and qc. The s e s d %  found t h a t  
is f n k ;  ( p )  = ( l+T)wc l i l+oaIP ,  I 
z z  PO (q ,  Y )  = (1  + T) X I  + (1  + T )  w Xz 1 n m %  ( q )  =w@,+wa 4% 
+ x , + ~ x 4 + w 2 x 5  
z Q c ( p , y )  = ( l + T ) X , + ( l + T ) w X ,  @I)  na r,! ( p )  = (1  + T )  w @, %I + w + we @a, 
+ X ~ + W X ~ + ~ ~ X , O  1 1 n z n % ( p )  = ( l + T )  o-@l@8+w@10+iUB--@31 2 2 
xi= XI (9, funotions of nz,; (h y) = (1  + 2') w x1 + w x3 + oz XI. 
. . . (m) 
and. $ JC3 in the Ifst of the ab, n2qr (v, Y )  = ( l+  T )  X6 X 8  + I 
f m c t i s n  i n  section mI, 6, 
Be re :.Be t w m  ST '%" free f m m  LO , ex- 
14:~ 3E88,rl %Pxa@ fa the ehsssd ob1ig.s a; a L 
~%&g@ (figi 3bEe 1% am be cornbin&, ~r@9s@d d t h  TI rd, $,~@3en$s a ce 
f r w 1  p1stes ~ 5 t h  single bends obsbe%e, 1% had h e n  assumed t h a t  %b 
z = 2, (c, rp - O) + zc ( -c, p; o). air doe& not p a s  through the nar rm 
slot, bekeen flj;n md elevatore TO in- me h e i ~ & k  ~ o f  tb sage for Bag, BUIY1 in theow, the gap covemd 
is :. 
D = C . [COS (p  - a,.) - cos p], from fin t r a i l ing  edge t o  elevator 
~ d ~ r i a e  leadfng edge, Tbe~efore the diagonal, 
z =  zc(D.v-a,<; 0 ) - % ( D , p ;  0) stage for  the degree of freedom 8 WEAS 
cos (p  -a,,) - cos p reabXy obhfBedl j this9 homver9 was 
Sin@@ the Wg4V9 g3pkmed here by the idsalieed t o  %he vertic& closed sLage, 
d2agcsm.l %fne, 3.8 very narrowt f a @ , ,  The force m d  moment coefficients com- 
aB %s T'%6Y amep%19 it sugges.t;s %he re-pup,ed f o r  the Tatter disclosed the su~n- 
p3mms1sn$ sf &e c~iagsm~ 9-ge by themM 'BS 9 "Om 9 as 
~5x~tict3.1 8tae;e ~ ~ ~ ~ % f &  a r o ~ h  6 R-+ Osb sign t ha t  the ide&iaation. is camsd 
&B-g, 3b)* too far, So, f o r  conepuLjlgeg this awn-= 
~1x3, the oblique stage was rever%ed e0 
%%en &a pressure d i~ t f ih%iona  i s  a for  f i c h  the bm 
lir, (D, p, 0, t )  = jlm 17, (D, '?'-8,t; 0 9 1 )  - n o  (D ,  9; @, t )  na r$ = 2 In r,, + 
,),8 -+ 0 cos (p  - 4,) - cos p 
1 3 nc (D, P; @, t )  was obtained; *ibe i t  is noted %hat =-- 
sin p i, P, 
a,-* Eff ec.%Pz %his diffesrentia%iien &%h s ~ n  p, 
ITz (D ,  p; O, t )  = Q "2 ei' l .  2. 
n 
This df f f i c a t y  mdaes in the s h -  
x [(I+T)~z,+ ( I + T ) W U Z ~ ; I ~ + ~ ~ ~ + ~ ~ ~ ~ - ~ - U ~ D Z , I ,  tiomw case ( w  -" 8) also; hence it 
YAM Z:B'EZ~ (") represents no peculiarity of the non- 
a no, nZc =-Ap. a , L = I ,  . . . ., 5: a%a.t%onaw eafca%im, The t e rn  3 
5 adl~d-dw2XAy z could equal$$ well be 
0 II,, = tg cote - klomry measuem8n'ca or  from another 2 2 
0 
than Unea%-ised sb t i . omry  theory, 
n;, = @, cotg 
- 
0 2 sin O flz, = 2 cotg p . cotg - 7.
me! factors  p-g and qg9 r@Ia%@d 
2 s lnp  cosp-cosO 
0 ITz4= -2s inp .co tg -  +4L(p ,O)  to v a am o b a m d  sn +he 2 bad8 of' :'the ;b@r$ica$ stage, 
ITz, =2(n-p)sinO+2L(m,O)(cosp-cosO).  
n2 pa (p, W) = (1 + T) XI, + (1 + T )  XI i 
a The functions X i  Xi ) are  found 
--!L - N ,  (D,  , t )  = N~ (D,  P, t )  + 1 .  R, ( D ,  9, t )  
sin p, a 
i n  sec t ion  V I I ,  6, The incomplete ex- divided by w p v212 b D e i v  t 
ecut ion of tjR--- 0 can be mathemati- 
-- 
I  ' no - n;i -j- r,. 
c a l l y  in te rp re ted  a s  follows: sing, a m  
e )  Torsional Osc i l l a t ion  of Tab 
The oblique s tage  ( f ig .  3b) serves 
a s  t h e  bas is  of t h e  p l a t e  deformation f )  Stage Osc i l l a t ion  of Tab 
of d, I n  t h e  ca lcu la t ion ,  however, of 
t h e  pre$sure and of t h e  aerodynamic The two degrees of freedom, e and 
coef f i c ien t s ,  t h e  terms t h a t  disappear f a r e  e a s i l y  obtained from and 
by Q - 0 a r e  discounted. d, f o r  e and f r e f e r  i n  t h e  same 
manner t c  t h e  t a b  a s  e and d t o  t h e  
HeveaPtheless, s ince  a l l  coef f i c ien t s  e levator ,  Hence, on passing from C 
a s  far a s  t h e  term rz$ of ra prove t o  e and from d t o  f 9  C i s  1-0- 
placed by E, D by F, TSR by 'SH" 
themselves t o  be independent of t h e  s l o t  
width, t h e  degree of freedom 3 i s  e leva to r  and t a b  exchange par t s ,  whence 
character ized i n  compilation V I I  by t h e  q, r ,  n a r e  exchanged f o r  $ 9  PS qe 
v e r t i c a l  stage,  Then t h e  aerodynamic coef f i c ien t s  read: 
k e  (8 )  = kc (Y )  (v) = k d  ( y )  
A proof f o r  t h e  ca lcu la t ion  of qum- me ('1 = mc(V') l j l f  (v) = ll1d ('f') 
t i t i e s  Q8 q9 qg nZp G~ and qx re  (P, rl') = PC (8,  Q )  r/ (Q, s/') = pa ( Y ,  p) , , ,2B) 
' l e  (19 B) = qc (vl, P )  nf (Q,  '1'1 = q d  (y, p) 
i s  afforded when 113 is  obtained from ( y )  p f  (v') = l ' d  ( w )  q e  ( w )  = nc (Y )  qj  (v) = lid (y) 
lowing formulas r e s u l t  : 
I 
11, by d i f fe ren t i a t ione  Then t h e  fol- I, t h e  formulas containing t h e  coeff i -  
c i e n t s  of d and f ,  t h e  open and t h e  
1 akc ha =--- closed s tage ,  respect ively ,  serve as a 
sin p, a p, bas i s  f o r  e levator  and t a b ,  
1 a m ,  
mx =--- 
slnp, ap, COKRELATION OF RESULTS 
I bn2rc Figure 6 i l l u s t r a t e s  t h e  s i x  degrees 
n2,.7=7--- 
sinp, a p, &+(l+ T)on~a+17,3 of. freedom, t h e  closed s tages  of d and 
$ .wnc~+w2nc51~=,  f being shown s e r t i c a l  f o r  s impl ic i ty .  
1 anc  
n;r =---- An a r b i t r a r y  degree of freedom i s  de- sin p, a g, rc 
noted wi th  , i t s  amplitude wi th  G, 
1  PO 
pii =---- sin p, a p, The concept "elevator t o r s i o n a l  osoi l -  
1 aqc l a t i o n "  is ,  be it noted, included, The 
P;i =--- sin p, a~ a c t u a l  t o r s i o n a l  o s c i l l a t i o n  of t h e  e le-  
va to r  with aerodynamic baBmce oonsis ts  
A s  a exampbe, P*ovs 'he fourth of theof e%evator t o r s i o n a l  and e levator  
formulas, It i s  r s tage  o s o i l l a t  ion (degrees of freedom 
7 
I  a f&(D,p, ;Q,t) . (cosp,-cosQ)sinQdQ c and d ) ,  
sinp, a p , .  Sect ion Ta contains t h e  aerodynamic 
t 
1 
= - . [-no (D, p,; Q, t )  . (cos p, -cos 0) sin Q] ooef f ic ien t s  (13) serving f o r  t h e  pre- 
s ~ n  p, ""7 d i a t i o n  of t h e  fo rees  and moments (14), 
7 
-1 a These eoef f i e ien t s  a r e  then t a b u l a t e d -  
+ J G F [ a ( ~ . p , ; ~ , t )  (corlp-cosQ)lrinQdQ i n  f i g u r e  4, Their r e la t ionsh ip  wi th  
v t h e  geometrical parameters cp and $ is 
= fnZ (D,  v; Q, t )  . (COS p, - cos Q) sin Q d Q given i n  f igure  5, These coef f i c ien t s  
rp a r e  subsequently compiled (sec,VI) and 
7 
+ J n c ( ~ , p , ;  Q, t ) s inQdQ,  cor re la ted  i n  t h e  f o l l m i n g ,  t h e  ar-  
P rangemenk being e f fec ted  on t h e  bas i s  
mul t ip l i ed  by z b of t h e  re la t ionsh ip  of 9 and $, 
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0 :  .-..-- - flapping osc%lX&%ion a% t o k 1  w i n g  ( m e  %ran~rXa%trio~b. 
%ore%omX oscibXstisn of e%eva%or 
s,bou% f t a  Baaing edge, 
6 
0 d" etage oeefLllatSisn of %l@paator (pure traphslatioaa) by open @t%ee 
stage osc i l la t ion  of elevator 
-D+--.-:a 
( p e  tsans'ibatBsn) by closed stage. 
3.. 
0 E , t o s s % s m l  oscilXatfoa of tab shout v*- f t s %;%bnd%q edge. 
0 l;kF ; stage osc i l la t ion  of tab WL; (pwe t ranslat ion)  by open s t w e ,  
stage osciblotion of tab 
0 
-47F 7 ((para translation) by closed stage. 
~p - ' x ' ~ '  
BBgxwe 6,-Correlation of the 6 degrees 
of freedoan, 
1, Coeffioients independent. of cp m a  ?I 'I 1  1 
n n a ( v )  = ( l + T )  (1+  w ) - i - @ ~ + Z w @ ~ + p w 2 @ ~  
k, = ( 1 + T ) w + w 2  
nm;(?)  = w @ , +  L ~ 2 @ 8  4 The functiom Qi - ai((;4) are read 
1  
nm; i (v )  = @ 1 5 + 2 w @ , + 4 w 2 @ ~  from VIP, 5, The &ppswmce of TSR 
n r ,  l v ) = ( l + T ) w @ 3 1 + 0 ~ ~ @ 3  (m%io of slevat.or gap width t o  w9ng 
1  1  c h o ~ d )  18 explained i n  t.hs form1e f o r  
n n ,  (9 )  = ( I +  T ) w - @ s f  -we% 2 2 r;i Yn seet%on BT, 
8 ,  CoePfieiente dependent upon $ only Lastly,  t h e  functions a s  they  were 
evolved ( f i g *  7 )  are considered, The 
These a r e  t h e  ~~~ a s  f o r  (P, exaept functions of f i e l d  p, were evolved 
that * ~@P~B.%S Cp and 7 ~8 subst i -  from those  o f  f i e l d  ra by subs t i tu t -  
t u t e s  for TQB, ing $ f o r  f i e l d  ke from ko 
Pa (w) = ra (w) q, (p) = na (y) and f i e l d  pe from f i e l d  re, Funae-. 
Pa (Y) = rb ((W qb (w) = nb (y) %ions o f  f i e l d  p, w e  obtained from 
ke (v) = (v) me (Y) ,= m, (Y) those  of f i e l d  re by subs t i tu t ing  \II 
kf (w) = ha (w) mf (~JJ = md (P) a) f o r  9, 
Pe (v) = Fa (Y) QB (PI = no (y) 
Pr (v) - ra (c) qt (Y) = nd (y) 8e). The aerodynmie ooeffieienks so ob- 
iq;g  Coeffiaients dependent upon ap a d  q t a i n e d  crontain h e t i o n s  @ and X, 
n a ~ o ( ~ , ~ ) = ( l + ~ ) ~ l + ( l + ~ ) w ~ 2 + ~ 3 + o ~ , + w l ~ ,  which have been compta-ted f o r  t h e  prm- 
*~c((P ,v)  ='(1+T)X6+(1+ T ) ~ X , + X , + ~ X , + ~ ~ X , ,  t i c a l  ZOPeS 0f p a r ~ m ~ t e ~ ~ : :  
n P ~ B ( ~ , y ) = ( 1 +  T ) w X 1 + o X , + 3 x l 4  
n2pa(v,v) = ( l+T)Xl l+ ( l+  T)wXl 5. @ functions 
+xiz+wxi3+waX1~ el (9) =?-p+sinp 
na q2 (P, yl = (1 + T) o X, + w X, + oP Xlg @, (p) = (n-P) (1+2cosv)f sinp,(2+cosa) 
@a (y )  = n - p + s i n p c o s ~  
2 (9) =(n-q1).2cosp+ sinp.-(2+ cosap) 3 
Q6 (p) = sin p . (1 - cos q) 
2 @e (9) =2 (n -p )+  s in0 , .~ (2 -cosp) (1+2cosp)  
1 $sing,.-(Sf 6cospf 4cos8p-2cosap) 6 
Q, (p) =(n-p)(-1+2cosp)+sinp(2-cosp) 
@P -(P) = (n - I) (1 + 2 cos 9) 
F f m e  7,-IEgej&@ticsn of eoe%iic ienta  + s i n p . - ( 2 - ~ ~ c o s p + ~ c o s 8 p ~  1 
$0 @a& others arrow 3 
indfcatee  replacement s i p  %y \Ira @lo (d = @a1 . n7, (v) @ll (v) = @2 (v) . @8 380) 
1 *. (p) = in- 918 (, + 4 cosa 4 
n~qa(?,yt)=(1+T)X1,+ ( l + T ) w ~ ,  
+ x1, + w XI, + w2 XIs. +(n-p)sinpcosp. (7+2cosSp] 
t h e  funotions X i  Xi ( t o  be + sinS p 2 +-- cosP p 
P taken Prom the l ist  of t h e  X h n o -  
m13(p)=QBS 
( :  1 
t ions,  
QI4 (p) = 2 sin p 
01.3 (v) = @18 (9) -@14 (P) Thet re~%Kk%ag f OUP f U l + l C ? t i ~ ~ l ~  aIP% @,, (8) = @, (p] . IB, (p) = 2 @, (p) .sin p 
obtained by exohanzgd~lg cf~ and I# :: @I, (v) = [@s (v)18 f sin4 rp 
(9). V) = PO (Y* P)) nc (I. Y) = (Y. V) @IS (PI = -iP,, (v) [(n-p) (1 +2cos p)-sin 9 .  cos p] 1 
rf (P, W) = pa (v, P) ns (P, Y) = q d  (Y, ~ ) ) 2 ) .  (P) = -i; @a (P) .@I, (p) = @s (1 .sin p 
Q (p) = sin p (1 t cos p) 
(p) = - 2 (cos p + In sin2 p) 
")Again it is t o  be borne in mind t h a t  Qsl(v) =n-q-sinp, 
i n  t h e  formulas oolaneetfng d wi th  f, q 2 ( p )  =n-g,+sinp(1+2cosp) 
the same type of s t age  is meant f o r  Qa5 (p) = 2 sin8 p 
e l eva to r  and t a b ,  "ct is,  both times @36 (P)) = @an (v). @a (P)) + 2 sin4 Q) 
@a7 = @a (v) . [@z (v) - @a (dl.  
t h e  open o r  both times t h e  olosed stage. to introduaed by the Naturally,  t h i s  does not  preclude t h e  
use of one type of s t age  f o r  the wing f irst-named author (reference 1 )  ; 
with e levator  md t a b  and the  other @ax t o  by Dietze (reference 3);  
type f o r  the t ab ,  @ a 8  a r e  new. 
2~3 %GA TecZan%mX %aor68%n&m l o .  999 
3 Xo (q, y) = [(H - q) sin3 y - (n - y ~ )  sin3 q] 
+ ( c o s q - c o s y ) . [ 2 s i n q s i n y - ( c o s p - c o s ~ ~ 2 ~ ~ q ,  -cos$=~-~TF Oe@J 0e82 . 1 e 0 0  
Xl (v, Y) = @I (PI . @?l (W) 
1 
XE (P, P) = 3 @2 (q) ' @31 (w) In the @ fwc t ions  0,9 rand 1,O are added 
X3 (q, QJ) = 2 sin q .sin p - 2 (cos q - cos y) L (v, y )  
t o  the valnes of -COS d p  Ebnd the range of 
-eoa \k %hen considered, as it wercy9 as 
4 (q, Y) = @3 (P) . @sa (QJ) + 2 @s ($1 . @so (w) + ( ~ 0 s  - cos P) Xa (q, W) refined div5sion of -eoscg, When the 
1 %able8 are wed, these values appear ars 
9 6  (vr Y) = 2 [@2 (P)) - @3 (?)I ' @a ((Y) f X~ (v, W) v E ~ ~ u ~ S  of -@08 $ 8  
x6 (qV Y) = @l (PI ' @8 ( 1 ~ )  
1 The X Gwc%ions include a l so  the  ltBJo 
X, (P, W) = p @a (P) . @a (4 auxiliary functions L(q ,\k )and x,( pa@) 
1 
*% (v, V) = @6 (v) ' @31 (Y) - (cOs p - cOs W) X3 (P, Y) since .they play a pa r t  i n  X func- 
1 
%ions. Hot tabulated a r e  the funct iom 
XB (q, W) = @3 i d  . @a (PI - 2 XO (v, W) Xi of the fossg 
+(n-q)sintp 3 c o s q + ~ c o s t y + c o s q c o s ~ ~  ( 2 
( 1 ' All the others are tabulated, including +(n-y)sinq 3cosp+-cosq+cos~~cos~q 2 ) ~ i ( r p , * )  a d  xi( VR) ; the exchange o i  
5 fsinqsinrp 2 + - c o s q c o s p + ( c o s q - C O S W ) ~  s u ~ ~ f l u o u s  for Lp Xo9 [ 2 
- (cos P, - cos Y) Xo (v* QJ) since these a r e  p a r w  sym- 
xll (cp, Y) = @, (9) . @31 (QJ) metrical in the v a r i a b l e s ~ ~  
1 
XI, (9, W) = -.j- el3 ('PI .r9i, (QJ) x n o ( ~ s 9 )  x a o ( $ g ~ )  
(v, V) = @is (v) . @3 (v) - [@I, (PI . @31 (QJ) + Xa (9, ~ ) 1  
Ii &4h4b$l = q & b # s q l  
Xi, ( ~ 3  ry) = 2 @14 (PI . @a ((cp) 
-I@~& iq) . (QJ) +x3 (v, w)]. (cos p- cos V) ~ 2 . u e s  of the subsequeni; 25 
xl, (v, YO = x6 (v, 9)). tables were coquhdi  t o  seven d ig i t s ,  
7 ,  If8.i;es on t he  numerical cal@u$attion 
of tha Q easred X functions 
O n  the  oonventionw'f types of air- 
c.;raft %the ~aluee of T R  and T H  in 
henss the values 
are used as a basis for tabulating @ 
oxid X, To it correspond C$ and $ 
~fkrf.B;h. 
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APPENDIX 
- 
The t a b u l a t i o n  of t h e  f u n c t i o n s  g ,  g by D i e t z e  
( r e f e r e n c e  2 )  t i e s  i n  w i t h  o u r s  i n  t h e  f o l l o w i n g  manner: 
Here t h e  g i t s  a r e  t o  b e  t a k e n  f o r  h!-- which c o r r e s p o n d  
t~ 1 
t o  our  . T ~ ,  t h e  Q i l s  f o r  t h e  a rgument  y .  I n a d d i t i o n  
NACA T e c h n i c a l  Heznarandum No, 991  
-- 
where t~ g  i i s  t o  be  t a k e n  f o r  , , t h a t -  i s ,  f o r  t ~ t  t $ b  
T ~ ,  T ~ ,  b u t  Xy f o r  J I ,  cp r a t h e r  t h a n  f o r  c p , $ .  
D i e t z e  d i v i d e s  t h e  d e f o r m a t i o n  of t k e  p l a t e  i n t o  
f o u r  mo t ion  p a r t s  0, 1, 2 ,  a n d  3 .  Deno t ing  t h e s e  de- 
f o r m a t i o n s  w i t h  z z ,  z a n d  a , ,  w i t h  a m p l i t u d e s  
B o  ' El, g 2 ,  and  B a f f o r d s  
-3 
z l  i s  wing r o t a t i o n  a b o u t  t h e  wing l e a d i n g  edge w i t h  an- 
p l i t u d e  E l ;  hence  
F o r  a  g i v e n  fo rm change  of p l a t e  i t  must be z o  + z 1  + ' ~ 2  
+ 2 3  = z, + zb + zc + z e ,  whence t h e  a m p l i t u d e s  f o l l o w  a t  
NACA Technical Memorandum No. 991 23 
Between the forces and moments of both reports the 
following relations exist: 
where the moment Wo is referred to the forward neutral 
point, but &I(xv, xh: xv, t) to the wing leading edge. 
Translation by J. Vanier, 
National Advisory Committee 
for Aeronautics. 
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Table 1, Functions @, (9) to @, (q). 
- cos q 
Table 2. Functions @, (q) to @, (q). 


Table 11. Function X5 ( y ~ ,  9). 
Table 12, Function X8 ( (p ,  cy). 
Ta.ble 18, Function X8 (v, y). 
Table 14, f i n e  lion Xo (p, rp). 
vr rsz'g l io'o I Ga'n 
WTT'T- I BTn%QLfi- I me'h- I mrsa'n- I mQ!.TLn- I RZT,T'~-I nzw~'n-- I mWn'n- I nnennb- I nerrn'n- I zQTsn6n- Ban'n I na'n 
--- 
I -- I --- I --- _I --- I --- I I I I - - I - - I"' I 
$so 1 LdO ----~ I - ~ 1 -~~ zso- pdrSoo: . .. .---- - -. -  
m'o 
'0 
6POOOLO 
&&Irn'O 
OLZOD'O 
89P00'0 
ZGLW'O 
L901o:o 
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m'o 
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26101'0 
96W1'0 
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61l;PE'O 
8Z9TP'O 
8Z06V'O 
W'O 00'1 
20'0 86'0 
ZQ'O 96'0 
EO'O V6'0 
LO'O 98'0 
80'0 m'0 
60'0 Z8'0 
A, - 4 
-0- +-Ad-- 
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l able 19. Punc tlon X ,  (q, q). 
.-... <.' ...----* e--* .--,- - P C - - - -  -- -., I.. ..l........,.- . ,,,i we- 
[-cosp[ - 0 2  1 -0,l TTr-1 0,2 1 0,3 1 0,4 1 0,5 1 0,6 0,7 r--6r 
Table 20, Function X,, ( y ,  p). 
e~*---msc~z ,? ><>, r</, >rz,z, * --<=-*<-* sn,2.,z- -,." e,*. ,-, <? ,,-->*zr-rr r ,- ..,< "Me*< < <<<< <>s-<crc<.Y< <-* ,.*r,m.< .,'r<,.~T.-""-.~c.,d<.-..z. 
I-coecp$--o,2 I -o,B. I O,O I O,I I 08 I 0,3 1 0,6 1 0,5 I 0,6 I 0,7 I 0,8 
Table Functicm Xg, (q, Q,@) = X,, (v, p). 
-.=.- <.- <**<- m-.v<rm ---<rmcm- ..-*-*e,T -.T-c<<c,..*7. . , . .< . . .~ .~<<Z~<<.  cr.A'Me.AuK".. ' ....... ' ..... <*.,". 
--<,-., ,, z , ,<-<- 
- 0 s  - 0 2  [ 0 0 [ 0.1 [ 03 [ 0,s I 0,4 - I 08 1 0 , 7 7 T r  
0,601 0,551 0,50 1 0.45 1 Om 1 025 1 0,30 1 092S 1 0,20 1 0,15 1 0,10 
Table 22, Functi~n XI, (v, y). 
---T=cmrr-z* *<<> m- -c--ze<c-._ er".=cr<rr<,. "' ..,.. '.," ..I,UU, 
-con? -o,% -O,K 7 0,0 [ O,I 1 0, 
Tabla 28, Function X ,  (yr, p). 
<< ><,-,?- - <<<, ' ..,- -.".-- ".-=A --, 
-eosp[ - 0,2 ( - OV O,O I .0,1 0 3  03 OP [ 095 0,6 0,7 48 
- c 0 8 v ' ~ R l  0,601 0 5 5  050 045 1 0,40 1 0,35 / 0,30 1 0 3 7 0 2 0  1 0,15 1 0,lO 
Table B k  Function XI, (p, yr). 
w.s.c-" 
-COB y 
- 
080 
0,82 
0% 
0,86 
0,88 
0,92 
09% 
ope 
0,528 
1,00 
Table 25. Function X,, (y, q]. 
,,rc<<T-<c,".T """ ""c- 
cosa -0,B -0,k ( 0,O 0,1 1 0,2 1 0.3 1 
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P l a t e  at rest 
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k------ i e  - I I Wing chord =21.  i I i ~ ~ - - - - - - - ~ - - - - f l  ! I  
I Elevator  chord=2 1 .TR 
! I  I 1  ; 
I I I  I+-+ 
: :  Tab chord =2 1 *TH i :  
-0 ;- 1 I 
1 I 
I I 
Elevator  gap =2 2 . T s ~  
-4 ;- Tab gap =2 1 *TSH 
Figure L -Geometrical dimensions of the plate, 
Figure 2.- Wing and elevator oscillations- 
the mean line is shown in the 
setting of maxim deflection. 
q - a p  e , f )  
$ x~ 
"Ir, 0;  cp [ --% R7\T 
- & ; -  - - - - - : 1 c 
I 
1 I  \ 
c.----.--cl Closed stage 
Figure 3a.-If there is a per- Figure 3b.-On fin and elevator with set- 
ceptible slot flow,the idoal- back elevator axis the gap is bridged 
ization to slot width 0 is over by a slope,in tho case of vanish- 
permissible.The mean line of ing slot flom,the relative form change 
the fin is extended tocp .The is divided in the degrees of freedom c: 
gap between fin trailing edge (elevator torsional oscillation) and 3 
and elevator nose is not (elevator stage oscillation by closed 
bridged over. The relative form slanting stage) ,The transition to slot 
change is divided in degrees width 0 is not completely successful 
of freedom c (elevatgr torsion- (closed vertical stage). 
a1 oscillation) and a (elevator 
stage oscillation by open stage). 
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F i g u r e . 4 . -  T a b u l a t i o n  of t h e  f o r c e  and moment c o e f f i -  
c i e n t s  of t h e  6 d e g r e e s  of f reedom.  
F i g u r e  5,- R e l a t i o n  of t h e  c o e f f i c i e n t s  w i t h  cp a n d  $ 
